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Great efforts are currently devoted to the engineering of topological Bloch bands in ultracold atomic gases.
Recent achievements in this direction, together with the possibility of tuning inter-particle interactions, suggest
that strongly-correlated states reminiscent of fractional quantum Hall (FQH) liquids could soon be generated
in these systems. In this experimental framework, where transport measurements are limited, identifying un-
ambiguous signatures of FQH-type states constitutes a challenge on its own. Here, we demonstrate that the
fractional nature of the quantized Hall conductance, a fundamental characteristic of FQH states, could be de-
tected in ultracold gases through a circular-dichroic measurement, namely, by monitoring the energy absorbed
by the atomic cloud upon a circular drive. We validate this approach by comparing the circular-dichroic signal
to the many-body Chern number, and discuss how such measurements could be performed to distinguish FQH-
type states from competing states. Our scheme offers a practical tool for the detection of topologically-ordered
states in quantum-engineered systems, with potential applications in solid state.
Introduction Ultracold atomic gases constitute a promis-
ing platform for the study of strongly-correlated topological
states [1–3], such as fractional Chern insulators (FCIs) [4, 5].
Conceptually, these topological phases could be engineered
in optical-lattice experiments, through the implementation of
synthetic gauge fields [6, 7]. While such configurations have
been realized [8–20], so far, topological properties have only
been identified in the non-interacting regime [13, 15, 18–20].
In parallel to the development of schemes that would allow
for the stabilization of strongly-correlated topological states in
cold atoms [1–3, 21–27], an open question still remains: Are
there unambiguous probes for topological order that are ap-
plicable to interacting atomic systems? In the case of FCIs,
the fractional nature of the quantized Hall conductance con-
stitutes a striking manifestation of the underlying topological
order [4, 5, 28]. However, a direct access to the Hall conduc-
tance is challenging in optical-lattice setups; see Ref. [29] for
conductance measurements in a one-dimensional optical lat-
tice and Ref. [30] for a possible extension to 2D. Alternative
probing schemes have been proposed, such as the detection
of edge excitations [31–37] and anyonic statistics [38], adia-
batic pumps [39–41], and interferometric protocols involving
mobile impurities bound to quasiparticles [42].
In this Letter, we demonstrate that the topological order
of an atomic FCI could be detected through circular-dichroic
measurements, i.e. by monitoring excitation rates upon circu-
lar shaking of the underlying 2D optical lattice [20, 43, 44].
Indeed, comparing the excitation rates associated with drives
of opposite orientations (±), ∆Γ=(Γ+−Γ−)/2, provides an
indirect measurement of the imaginary part of the transverse
optical conductivity [43, 45]
σxyI (ω) = ~ω∆Γ(ω)/4AsystE2, (1)
where E and ω are the amplitude and frequency of the circu-
lar drive, respectively, and Asyst denotes the area of the 2D
lattice. Then, combining Eq. (1) with the Kramers-Kronig
relations [45–47], one obtains a simple relation between the
differential integrated rate (DIR), ∆Γint =
∫∞
0
∆Γ(ω)dω, and
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Figure 1. Circular dichroism in the Harper-Hofstadter model. (a)
Hofstadter model with flux Φ per plaquette, subjected to a circular
drive Vˆ±(t). (b) Single-particle spectrum for Φ = pi/2. The system
is prepared in the ground state, such that only the lowest band is oc-
cupied (with fermions or bosons) at filling fraction ν. The drive then
induces transitions towards excited states at a rate Γ±(ω). (c) In
the case of non-interacting fermions at ν = 1, the rates Γ±(ω) de-
scribe inter-band transitions; for symmetry reasons, the differential
response ∆Γ = (Γ+−Γ−)/2 associated with the highest band is
zero. (d) In the case of hard-core bosons at ν = 1/2, where the ini-
tial state is a Laughlin-type FCI, inter-band transitions still provide
the largest contribution to the dichroic signal. The integral
∫
∆Γdω
yields a quantized response that reveals topological order [Eq. (3)].
the Hall conductance σH of the probed system [43, 44]
∆Γint/Asyst = (2piE2/~)σH. (2)
When applied to a (non-interacting) Chern insulator [48],
characterized by the Chern number νCh∈Z, Eq. (2) gives rise
to a quantization law for the DIR: ∆Γint/Asyst = (E/~)2νCh;
we set the elementary charge e=1 to equally treat systems of
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2charged and neutral gases [6, 7, 29]. This quantized circular
dichroism was recently measured in a non-interacting Fermi
gas [20]; see also Refs. [49, 50] for indirect conductivity mea-
surements in topologically-trivial Fermi gases.
The relation in Eq. (2) is universal in that it only relies
on the causality of response functions [45, 46] and time-
dependent perturbation theory [43–45]. In particular, it ap-
plies to (strongly) interacting systems. In the case of a FCI, the
Hall conductance is quantized in terms of a many-body Chern
number σH = (1/h)νMBCh , whose fractional value (ν
MB
Ch ∈ Q)
is related to topological order [51]. According to Eq. (2),
excitation-rate measurements upon shaking could be used as
a practical probe for the topological order of atomic FCIs,
∆Γint/Asyst = (E/~)2νMBCh , νMBCh ∈Q. (3)
Here, we explore the validity and applicability of the re-
lation in Eq. (3) by performing exact-diagonalization studies
on a realistic cold-atom model hosting FCI states: the bosonic
Harper-Hofstadter model [9, 10, 13, 17] with strong on-site in-
teractions. By simulating the full time-evolution of this inter-
acting system under the action of a circular drive, we demon-
strate that the resulting excitation rates are indeed constrained
by the topological order of the underlying phase [Eq. (3)]. Our
results indicate that the experimental protocol implemented in
Ref. [20] constitutes a realistic scheme by which topological
order can be identified in strongly-interacting atomic systems.
The circular-dichroic measurement We consider a generic
many-body system described by a Hamiltonian Hˆ0, which is
further subjected to a circular drive,
Hˆ±,ω (t) = Hˆ0 + 2E [cos(ωt)xˆ± sin(ωt)yˆ] , (4)
where ω, E and ± refer to the frequency, amplitude and ori-
entation of the drive, respectively; xˆ, yˆ are position opera-
tors. We assume that the system is initially prepared in the
ground-state |Ψ0〉 of Hˆ0, with energy E0, and we analyze
the probability of finding the system in an excited state at a
given time, P±,ω(t) = 1−| 〈Ψ0|Ψ(t)〉 |2, for a given configu-
ration of the drive. The circular-dichroic signal ∆Γ(ω) enter-
ing Eq. (1) is then obtained by evaluating the excitation rates
Γ±(ω) = P±,ω(t)/t; the power absorbed upon driving reads
P±(ω)=~ωΓ±(ω). Figure 1 displays two illustrative spectra
Γ±(ω), corresponding to a Chern insulator of non-interacting
fermions and a FCI of strongly-interacting bosons.
In practice, the extraction of the excitation rates Γ±(ω) en-
tering Eqs. (1)-(2) can be complicated by finite-size effects,
which are intrinsically present in numerical studies; impor-
tantly, similar effects could also alter experimental realiza-
tions involving small atomic ensembles [17]. In order to ap-
preciate this aspect, let us recall that the results in Eqs. (1)-(2)
stem from time-dependent perturbation theory [43, 52], which
expresses the (constant) excitation rates as [henceforth, ~=1]
Γ±(ω) = 2piE2
∑
n6=0
|〈Ψn|xˆ± iyˆ|Ψ0〉|2δ(t)(En − E0 − ω),
δ(t)(E)=(2/pit) sin2(Et/2)/E2
t→∞−−−→ δ(E), (5)
Figure 2. Probability of scattering into an excited state upon circular
driving, integrated over the drive frequency. (a) System of 8 non-
interacting fermions at filling fraction ν = 1. The inset shows the
probabilities P+,ω(t) for individual values of ω in units of AsystE2.
(b) System of 7 hard-core bosons at filling fraction ν = 1/2. These
results indicate the typical time-scale (t∼ 10~/J) over which mea-
surements should be performed so as to extract ∆Γint with accuracy.
where |Ψn〉 denotes the excited states with energy En. We
point out that Eq. (5) relies on two assumptions [52]: (a) the
rotating-wave approximation is satisfied, t  1/ω; and (b)
the observation time is small compared to the Rabi periods
t 1/E|〈Ψn|xˆ ± iyˆ|Ψ0〉|, associated with all possible tran-
sitions. For small system sizes, the complete time-evolution
associated with Eq. (4) is affected by the discrete nature of the
spectrum En, which results in residual oscillations in the ex-
citation probability P±,ω(t); see inset of Fig. 2a. This often
prevents a precise evaluation of the rates Γ±(ω). Since we are
ultimately interested in the integrated rates [Eq. (2)], we get
rid of these pathological oscillations by integrating P±,ω(t)
over all relevant frequencies. This leads to the quasi-linear
behavior shown in Fig. 2, which allows for an efficient evalu-
ation of the DIR, ∆Γint, entering Eqs. (2)-(3).
We now turn to the right-hand side of Eq. (3): the expres-
sion for the many-body Chern number νMBCh . In the single-
particle context, the Chern number is defined as the integral
of the Berry curvature F over the first Brillouin zone [48, 53].
The many-body counterpart of the Berry curvature can be
obtained by considering twisted boundary conditions [51],
with angles θx,y , and by considering partial derivatives of the
many-body ground-state over these variables: F (θx, θy) =
∂θxAy − ∂θyAx, where Aµ= (1/d)Tr
(
Ψi∂θµΨj
)
is the gen-
eralized Berry connection, and where the trace (1/d)Tr av-
erages over the manifold spanned by the d-degenerate many-
body ground states Ψi. Integrating F (θx, θy) over the angles
θx,y yields a quantized number [51, 54], which traditionally
defines the many-body Chern number νMBCh . Here, we instead
consider the nonintegrated many-body Chern number, which
is defined as
ν¯MBCh ≡ −2piiF (θx=0, θy=0). (6)
This quantity allows for a faithful evaluation of the Hall con-
ductance entering Eqs. (2)-(3), as can be obtained through the
Kubo formula [51, 55, 56]. We stress that ν¯MBCh is not quan-
tized, however it converges towards νMBCh in the thermody-
namic limit [57–59]. As a byproduct of our analysis, we will
3hereby provide the scaling of ν¯MBCh with respect to the system
size, in the FCI regime.
Microscopic model We explore the relation in Eq. (3) by
studying the bosonic Harper-Hofstadter Hamiltonian,
Hˆ0 =− J
(∑
m,n
aˆ†m,n+1aˆm,n + e
ipin2 aˆ†m+1,naˆm,n + h.c.
)
+ (U/2)
∑
m
aˆ†m,naˆm,n(aˆ
†
m,naˆm,n − 1), (7)
which describes the hopping of bosons over a square lattice,
with tunneling amplitude J , in the presence of a flux Φ per
plaquette [60] and on-site interactions U . Here, we set the
flux Φ = pi/2, as was recently realized in cold-atom ex-
periments [9, 13, 17], and impose periodic boundary condi-
tions [61].
We consider the ground-state properties of this model for
a fixed filling fraction ν = NNxNy , where N denotes the total
number of particles and Nx × Ny is the number of magnetic
unit cells. In the present case, where Φ = pi/2 and the Chern
number of the lowest band is νCh =1, we are specifically inter-
ested in the filling ν=1/2 of bosons in the presence of strong
repulsive interactions. For the sake of simplicity and numer-
ical performance, we suppose that the interaction is much
larger than the band gap and we include this effect in the form
of a hard-core constraint for the bosons. The ground state of
this system was found to be a FCI [22, 23, 54, 63, 64], akin
to the Laughlin state exhibiting the FQH effect [28]. Its most
striking signatures of topological order include a non-trivial
(twofold) degeneracy and a fractional many-body Chern num-
ber, νMBCh =1/2.
In order to probe the topological nature of the ground state
(νMBCh =1/2) through circular dichroism [Eq. (3)], we analyze
its response to a circular perturbation [Eq. (4)]. This study
is performed in a moving frame where the total Hamiltonian
in Eq. (4) is translationally invariant, as generated by the op-
erator Rˆ±(t) = exp {i(2E/ω) [xˆ sin(ωt)∓ yˆ cos(ωt)]}. Note
that the (on-site) interactions in Eq. (7) are not affected by this
change of frame. The resulting time-dependent Hamiltonian
reads
Hˆ±,ω(t) = −J
(∑
m,n
e∓i
2E
ω cos(ωt)aˆ†m,n+1aˆm,n (8)
+ ei
pin
2 +i
2E
ω sin(ωt)aˆ†m+1,naˆm,n + h.c.
)
,
where the hard-core constraint is henceforth implicit, except
otherwise stated.
Numerical results Our numerical protocol starts with the
calculation of the ground state associated with the Hamilto-
nian in Eq. (7) using exact diagonalization. We subsequently
turn on the periodic drive and perform a stroboscopic time-
evolution of the system, by repeatedly applying the time-
evolution operator associated with Eq. (8) over small time
steps. Interacting-boson calculations are performed for var-
ious finite-size clusters, made of up to 64 lattice sites (or
NxNy=16 magnetic unit cells).
Figure 3. Dichroic signal and nonintegrated many-body Chern num-
ber [Eq. (6)] as a function of the system size. (a) In the case of non-
interacting fermions at filling fraction ν=1, both the dichroic signal
and ν¯MBCh converge towards νCh = 1 in the thermodynamic limit. (b)
In the case of hard-core bosons at ν = 1/2, the results are limited
to smaller systems, but show that these quantities both approach the
quantized value νMBCh =1/2. In all cases, the dichroic signal and ν¯
MB
Ch
perfectly overlap for all sizes; see the relative error in inset (purple
curve). Restricting the evaluation of the DIR to inter-band transitions
only leads to the small relative error shown by the green curve (inset).
As a benchmark, we first apply the protocol to the case
of non-interacting fermions at filling ν = 1, hence form-
ing a Chern insulator [48, 53]. The circular dichroism of
a Chern insulator was previously analyzed based on a two-
band model [20, 43]. We hereby extend these results to the
multi-band Hofstadter model in the first line of Eq. (7), whose
energy spectrum is illustrated in Fig. 1b. Figure 1c shows
the numerical excitation rates Γ±(ω), for a system formed of
32× 64 magnetic unit cells. An intense absorption peak is
clearly identified around ω= 2J , which corresponds to exci-
tations to the middle band [Fig. 1b]; this peak is associated
with a large dichroic signal ∆Γ. In contrast, transitions to the
highest band do not contribute to the differential rate ∆Γ, as
can be seen from the absence of any signal above ω = 4J in
Fig. 1c. This phenomenon is due to a special symmetry be-
tween the lowest and highest bands of the Harper-Hofstadter
model [13], which is found for any flux Φ; see [65] for de-
tails. Using the methods described above, we finely extract
the DIR ∆Γint, and compare it to the finite-size Chern num-
ber ν¯MBCh defined in Eq. (6): as shown in Fig. 3a, the dichroic
signal ∆Γint/(AsystE2) perfectly overlaps with ν¯MBCh , and these
quantities both converge towards the quantized value νCh =1,
in perfect agreement with Eq. (2).
We now turn to the case of strongly interacting (hard-core)
bosons at filling fraction ν = 1/2. The ground state of this
system has an (approximate) twofold degeneracy on the torus,
which is characteristic of a Laughlin-type FCI at this filling
factor. Similarly to the definition of ν¯MBCh in Eq. (6), we eval-
uate the dichroic signal by performing an average over the
ground-state manifold; we found that the contributions of the
two relevant states can be estimated individually, any residual
mixing between them contributing negligibly to the dichroic
signal. In order to explore the law in Eq. (3), we analyzed the
real-time depletion of the ground-state manifold upon the cir-
cular drive; we extracted ∆Γint from the quasi-linear curves
40
0.1
0.2
0.3
0.2 0.4 0.6 0.8 1
(a)
4.2
4.4
4.6
4.8
5
0.2 0.4 0.6 0.8 1
(b)
∆
Γ
in
t /
A
sy
st
E2
Jy/Jx
ν¯MBCh
∆Γint
S
Jy/Jx
Figure 4. Tracking the transition from a CDW to a FCI: (a) The
dichroic signal, and (b) the entanglement entropy upon particle cut,
as one modifies the ratio of tunneling amplitudes Jy/Jx in the lattice;
here, N = 7 bosons and NxNy = 14 magnetic cells (ν = 1/2). The
dichroic signal distinguishes the CDW (Jy/Jx1, ∆Γint/AsystE2'
0) from the FCI (Jy/Jx' 1, ∆Γint/AsystE2' 1/2), and it perfectly
overlaps with ν¯MBCh throughout the transition.
obtained by integrating the excitation probabilities over ω
[Fig. 2b]. As a central result of our studies, we demonstrate
in Fig. 3 that the resulting dichroic signal ∆Γint/(AsystE2) is
in excellent agreement with the finite-size Chern number ν¯MBCh
in Eq. (6), for all system sizes. These results provide good in-
dications that the value ∆Γint/(AsystE2) ≈ ν¯MBCh →νMBCh =1/2
will be reached in the thermodynamic limit, as expected for a
Laughlin-type FCI.
While excitations are simple inter-band transitions in the
non-interacting Chern-insulator case, they may be richer in
the FCI due to its intrinsic many-body nature. In this regard,
the absorption spectrum ∆Γ(ω) in Fig. 1d, which character-
izes the FCI and its excitations, delivers interesting insights.
In our perturbative framework, the rates in Eq. (5) are associ-
ated with single absorption processes, hence, the probed exci-
tations Ψn are limited to single-particle excitations of the FCI.
This explains the limited range (ωmin = 0.25J < ω < ωmax =
3.5J) over which the dichroic signal is observed, which sets
a small upper bound ωmax for the frequency integration win-
dow. The “activation” frequency ωmin is predictably close to
the many-body gap ∆' 0.2J [23, 66], which corresponds to
the minimum of the magneto-roton mode [67]. The response
associated with this collective mode, which was identified as
a single-particle modulation of Laughlin-type states [66, 67],
appears as a low-frequency peak in the absorption spectrum in
Fig. 1d. Besides, the large absorption peak at ω' 2J , which
coincides with the main signal of Fig. 1c, suggests the pre-
dominance of inter-band transitions in the dichroic signal. To
confirm this observation, we have isolated the exact contribu-
tion of inter-band transitions to ∆Γint by evaluating the dy-
namical repopulation of the bands upon circular driving. The
results are summarized in the inset of Fig. 3, which shows the
relative error to the dichroic signal when restricting its evalu-
ation to inter-band transitions only. For all N considered, we
find that the inter-band transitions constitute more than 90%
of the DIR (100% for the smallest system size, N = 4). This
finding is of crucial experimental importance, as band repop-
ulations are routinely measured in cold atoms through band-
mapping techniques [13, 20]. As a byproduct of our study, we
also obtain the transverse optical conductivity σxyI (ω) of the
FCI, by inserting the signal ∆Γ(ω) into Eq. (1); see [65].
Phase transition In the thermodynamic limit, the frac-
tional value of the Chern number νMBCh is an unambiguous sig-
nature of topological order [51]. However, the actual values of
ν¯MBCh ≈∆Γint/AsystE2 may significantly differ from the quan-
tized νMBCh when restricting the analysis to small system sizes
[Fig. 3]; this fact could alter the ability of the dichroic signal
to distinguish topologically-ordered phases (FCIs) from com-
peting phases in cold-atom experiments based on small atomic
ensembles. To address this issue, we analyze the behavior
of these observables across a phase transition. We consider
a situation where the tunneling amplitudes along the two di-
rections of the lattice, Jx,y , can be tuned independently from
Jy/Jx = 0 (decoupled Luttinger liquids) to Jy/Jx = 1: at
small enough ratio Jy/Jx, the ground state shares character-
istics of a charge density wave (CDW) in the lowest Bloch
band (as observed in the “thin-torus” limit of FCIs [68, 69]);
this phase transition was proposed as a method to prepare
atomic FCIs [64]. Despite the absence of topological order
in the CDW, some of its signatures are similar to those of a
FCI, e.g. a twofold degeneracy on the torus due to the spon-
taneous breaking of discrete translation symmetry. Our re-
sults show that the circular-dichroic signal distinguishes the
CDW from FCI phases, even for very small systems [Fig. 4a].
These results are compared with entanglement signatures in
Fig. 4b, which can also distinguish between these two com-
peting phases [68, 69], but are not directly accessible in ex-
periments [70].
Concluding remarks Several schemes have been pro-
posed to generate atomic FCIs [21–23, 63, 64, 71, 72].
The circular-dichroic probe can be readily applied to any
of these cold-atom configurations. Indeed, the protocol de-
scribed in the previous paragraphs only requires two main in-
gredients: (a) the implementation of a circular perturbation
[Eq. (4)], which can be induced by shaking a 2D optical lat-
tice [11, 12, 20]; and (b) a probe for the excitation rates Γ±.
Since the DIR entering Eqs. (2)-(3) has predominant contri-
butions from inter-band transitions, the related rates can be
simply evaluated using band-mapping techniques [20]. When
intra-band transitions are significant, a more sophisticated
probe should be considered; e.g. one could exploit pulsed
magnetic field gradients [73–75] to generate a circular drive
Vˆ±(t) ∼ [xˆσx cos(ωt)± yˆσy sin(ωt)], which simultaneously
changes the internal state (σ) of the atoms, hence allowing
for a complete read-out of the excited fraction through state-
dependent imaging [34]. In principle, the probe in Eq. (4)
could also be considered as an alternative to transport mea-
surements in solid state: there materials would be irradiated by
circularly-polarized light [45] and the resulting DIR extracted
from optical absorption or photoemission measurements [76–
78].
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7Supplementary material
Chiral symmetry and circular dichroism
in Hofstadter bands
Analyzing the circular dichroism of the non-interacting
Harper-Hofstadter model led to a surprising result: As ob-
served in Fig.1c (main text), the dichroic signal ∆Γ(ω) only
involves transitions from the lowest to the middle bands; in
other words, the highest band of the model [Fig.1b; main text]
does not contribute to this circular dichroic effect. In fact, this
property is due to a special (chiral) symmetry that relates the
lowest and highest bands of the Harper-Hofstadter model, and
which is present for any value of the flux Φ. It is the aim of
this Appendix to provide the detailed proof of this assertion.
We start by briefly reviewing the chiral symmetry inherent
to the Harper-Hofstadter model and we discuss how it affects
the Berry curvature in the lowest band. In this Appendix, we
consider the Harper-Hofstadter model with a generic flux Φ=
2pi(p/q), where p, q are relative primes. The corresponding
single-particle Hamiltonian can be written as [79]
hˆ0 = −J
∑
m,n
|m,n+ 1〉〈m,n|+ eiΦn|m+ 1, n〉〈m,n|+ h.c.
= −J
∑
k
2 cos ky|k〉〈k|+
(
eikx |kx, ky − Φ〉〈k|+ h.c.
)
,
where we considered both the real-space and momentum-
space representations. Here the state |m,n〉 represents an
orbital localized at lattice site (m,n) of the square lattice,
whereas k=(kx, ky) denote the momenta. Diagonalizing this
Hamiltonian yields q Bloch bands [60]; we will denote the
corresponding eigenstates as |nk〉 and eigenvalues as En(k),
where n=1, . . . , q is the band index.
Chiral symmetry in the Hofstadter model
To highlight the aforementioned chiral symmetry, we intro-
duce a “checkerboard” bipartition A/B of the square lattice,
such that the neighbors of allA sites areB sites and vice versa,
and we define the following operator
Πˆ = PˆA − PˆB =
∑
m,n
eipi(m+n)|m,n〉〈m,n|
=
∑
k
|kx − pi, ky − pi〉〈k|, (9)
where PˆA and PˆB project onto theA andB sites, respectively.
One readily verifies that the Harper-Hofstadter Hamiltonian
hˆ0 anticommutes with Πˆ, {hˆ0, Πˆ} = 0, which leads to the
“particle-hole” symmetry of the whole spectrum: Any eigen-
state |nk〉 of hˆ0 with energy E has a partner eigenstate Πˆ|nk〉
with energy −E.
In order to make this statement more specific, in particu-
lar, with respect to the quasi-momentum k of the eigenstates,
let us examine the commutation relations involving Πˆ and
the magnetic-translation operators along the x and y direc-
tions, which we denote Tˆx,y , respectively. If the magnetic
unit cell comprises an even number of lattice sites (q even),
the action of Tˆx,y leaves the bipartition unchanged, such that
[Πˆ, Tˆx,y] = 0. Conversely, if q is odd, Tˆx,y exchanges the
positions of A and B, such that [Πˆ, Tˆx,y] 6= 0, however, the
operators satisfy [Πˆ, Tˆ 2x,y]=0. Then, the following symmetry
property between the wave functions of the highest (n = q)
and lowest (n=1) bands follows
Πˆ |1k〉 = |qk〉 for q even, (10)
Πˆ |1k〉 = |qk+pi〉 for q odd, (11)
where k + pi corresponds to a pi shift of momentum along the
x and y directions [Eq. (9)]; an alternative demonstration of
this result is provided in the Supplementary Information of
Ref. [13].
Chiral symmetry and the Berry curvature
We now analyze how these symmetries affect the Berry cur-
vature Ωxy(k) in the lowest band (n= 1). By definition, the
latter can be expressed as a sum of contributions from all the
other bands [80]
Ωxy(k) =
∑
n>1
Ωnxy(k),
Ωnxy(k) = Im
[
〈1k| ∂kx hˆ0 |nk〉 〈nk| ∂ky hˆ0 |1k〉
[En(k)− E1(k)]2
]
. (12)
Let us first consider the case where q is even (as in the main
text, where q=4). In this case, the contribution of the highest
band (n=q) to the Berry curvature in Eq. (12) reads
Ωqxy(k) = Im
[
〈1k| ∂kx hˆ0 |qk〉 〈qk| ∂ky hˆ0 |1k〉
[Eq(k)− E1(k)]2
]
∝ Im
[
〈1k| ∂kx(hˆ0Πˆ) |1k〉 〈1k| ∂ky (Πˆhˆ0) |1k〉
]
= 0, (13)
where we first used the symmetry property in Eq. (10), and
then the fact that the diagonal matrix elements of any skew-
hermitian operator are purely imaginary (we note that the
product hˆ0Πˆ is skew-hermitian since {hˆ0, Πˆ} = 0). Conse-
quently, in the Harper-Hofstadter model with q even, the high-
est band never contributes to the local Berry curvature Ωxy(k)
of the lowest band.
In the case where q is odd, we find a less restrictive condi-
tion
Ωqxy(k) = −Ωqxy(k + pi), (14)
8which can be obtained by observing that the matrix elements
and energies entering Eq. (12) satisfy
〈1k+pi| ∂kx hˆ0 |qk+pi〉 〈qk+pi| ∂ky hˆ0 |1k+pi〉
=
(
〈1k| ∂kx hˆ0 |qk〉 〈qk| ∂ky hˆ0 |1k〉
)∗
, (15)
Eq(k + pi)− E1(k + pi) = Eq(k)− E1(k). (16)
We point out that the relations in Eqs. (15)-(16) result from the
chiral symmetry discussed in the previous paragraph. From
Eqs. (13)-(14), we deduce that the highest band never con-
tributes to the integrated Berry curvature (Chern number) of
the lowest band, for any value of the flux (q odd or even).
Circular dichroism in Hofstadter bands
These observations have a striking impact on the circular
dichroism of a Chern insulator that is prepared in the lowest
band of the Harper-Hofstadter model. To see this, we recall
how the dichroic signal relates to the Berry curvature. Con-
sidering a completely filled lowest band, the dichroic signal
can be expressed as [43]
∆Γ(ω) = 4piE2
∑
k
∑
n>1
Im
[
〈1k| ∂xhˆ0 |nk〉 〈nk| ∂yhˆ0 |1k〉
[En(k)− E1(k)]2
]
× δ(t)(En(k)− E1(k)− ω), (17)
where the function δ(t)(E) is defined in the main text
[Eq. (5)]. In the long-time limit [52], δ(t) is replaced by a
delta distribution and the (constant) dichroic signal reads
∆Γ(ω) = 4piE2
∑
k
∑
n>1
Ωnxy(k) δ(En(k)− E1(k)− ω),
= 4piE2
∑
k
∑
1<n<q
Ωnxy(k) δ(En(k)− E1(k)− ω),
where we introduced the quantity Ωnxy(k) defined in Eq. (12),
and then used the result
∑
k Ω
q
xy(k)=0 obtained in Eqs. (13)-
(14) together with the symmetry in Eq. (16).
This demonstrates that the dichroic signal ∆Γ(ω) has no
contribution from the higher band, for any value of the flux.
Specifically, this explains the absence of signal in Fig.1c
(main text) in the frequency regime ω>4J .
We point out that the results derived in this Appendix en-
tirely rely on the sublattice (chiral) symmetry of the model
[Eq. (9)], and hence, they remain valid for any lattice model
that satisfies a similar property.
Transverse optical conductivity of a fractional Chern insulator
In the main text, we have emphasized the significance of
the integrated dichroic signal ∆Γint, as a probe for topological
order in strongly-correlated matter. However, the dependency
of the dichroic signal ∆Γ(ω) on the drive frequency ω is also
of interest: it is proportional to the imaginary part of the anti-
symmetric optical conductivity [43, 45, 47]
σxyI (ω) = ~ω∆Γ(ω)/4AsystE2. (18)
In Fig. 5, we show the optical conductivity σxyI (ω) associated
with the Chern insulator (ν = 1) and the fractional Chern in-
sulator (ν = 1/2) realized in our model. We note that these
results complement studies of the optical conductivity in the
integer quantum Hall effect [81, 82]. Interestingly, the plot
presented in Fig. 5b shows that the optical conductivity of the
FCI is strongly peaked around the frequency ω ≈ 2J , which
indicates that this transport coefficient has dominant contribu-
tions from inter-band transitions; see also the main text for a
similar analysis of the DIR ∆Γint.
Figure 5. Transverse optical conductivity of the Hofstadter model (a)
for non-interacting fermions at ν = 1 (Chern insulator) and (b) for
hard-core bosons at ν = 1/2 (FCI).
